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Motivation

Main Question
Let

E be an lcHs over K , FV(Ω,E) a space of weighted functions,
Λ ⊂ Ω , H ⊂ E ′ ,
f : Λ→ E such that for every e′ ∈ H , the function e′ ◦ f : Λ→ K
has an extension in FV(Ω,K) .

Question
When is there an extension F ∈ FV(Ω,E) of f , i.e. F|Λ = f ?

Answers:
general: Grothendieck ’66, Gramsch ’77
holomorphic: Grosse-Erdmann ’92, Arendt, Nikolski ’00
closed subsheaf of C∞: Bonet, Frerick, Jordá ’07
sheaf of C∞-functions closed in C: Frerick, Jordá ’07
bounded C∞: Frerick, Jordá, Wengenroth ’09
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A unified approach

The spaces FV(Ω,E)

Idea
FV(Ω,E) as intersection of domains and kernels of linear operators
with weighted graph-topology.

Set
FV(Ω,E) := {f ∈WM(Ω,E) | ∀ j ,n, α : |f |j,n,α <∞}
WM(Ω,E) := (

⋂
m∈M dom T E

m ) ∩ (
⋂

m∈M0
ker T E

m )

|f |j,n,α := sup x∈Ω
m∈Mn

pα
(
T E

m (f ) (x)
)
νj,n,m(x)

where
M :=Mtop ∪M0 ∪Mr andMtop :=

⋃
n Mn

T E
m : EΩ ⊃ dom T E

m → Eωm linear ∀ m ∈M
ωm := Ω for m ∈Mtop and ωm 6= ∅ for m ∈M0 ∪Mr

Assumption: FV(Ω,E) lcHs and δx ∈ FV(Ω,E)′, x ∈ Ω
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A unified approach

Goal: FV(Ω)εE := Le
(
FV (Ω)′κ ,E

)
˜↪→FV(Ω,E)

Definition (consistent)(
T E

m ,TK
m
)

m∈M a consistent family :⇔ ∀ u ∈ FV(Ω)εE , m ∈M, x ∈ ωm:

1 Ψ(u) ∈ dom T E
m and TK

m,x ∈ FV (Ω)′

2
(
T E

m Ψ(u)
)

(x) = u
(
TK

m,x
)

Lemma surjectivity

Let (
T E

m ,TK
m
)

m∈M be a consistent family.
Then

Ψ: FV(Ω)εE ˜↪→FV(Ω,E).
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Extension from thin sets

Extension from thin sets
TK

m : KΩ ⊃ dom TK
m → Kωm , m ∈M =Mtop ∪M0 ∪Mr

Definition (set of uniqueness)

U ⊂
⋃

m∈M{m} × ωm set of uniqueness for FV(Ω) if
∀ (m, x) ∈ U : TK

m,x ∈ FV(Ω)′ ,

∀ f ∈ FV(Ω) : TK
m (f )(x) = 0 ∀ (m, x) ∈ U ⇒ f = 0 .

Definition (restriction space)
Let

U be a set of uniqueness for FV(Ω) ,
H ⊂ E ′ a separating subspace.

Set FVH(U,E) as the space of functions f : U → E such that
∀ e′ ∈ H ∃ fe′ ∈ FV(Ω) ∀ (m, x) ∈ U : TK

m (fe′)(x) = e′ ◦ f (m, x) .

Question

Let (T E
m ,TK

m )m∈M be consistent. When is the restriction map

RU,H : Ψ(FV(Ω)εE)→ FVH(U,E), f 7→ (T E
m (f )(x))(m,x)∈U ,

surjective? injective

U ↔ {δx | x ∈ Λ}
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Extension from thin sets

Extension theorem

Definition (determine boundedness)

Subspace H ⊂ E ′ determines boundedness if
B ⊂ E σ(E ,H)-bounded ⇒ B bounded in E .

Theorem proof

Let
(
T E

m ,TK
m
)

m∈M be consistent, FV(Ω) (FS), U a set of uniqueness
for FV(Ω), E loc complete and H ⊂ E ′ determine boundedness.
Then:

1 Ψ(FV(Ω)εE) ⊂ FV(Ω,E)

2 The restriction map RU,H : Ψ(FV(Ω)εE)→ FVH(U,E) is
surjective.

proof: Lemma + abstract extension result by Bonet, Frerick, Jordá ’07
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Examples

Example (E loc complete, H = E ′) examples hermite pettis

The Schwartz space

S(Rd ,E) :=
{

f ∈ C∞(Rd ,E) | ∀ n ∈ N, α ∈ A : |f |n,α <∞
}

|f |n,α := sup
x∈Rd

|β|≤n

pα
(
(∂β)E f (x)

)
(1 + |x |2)n/2
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}

|f |n,α := sup
x∈Rd

|β|≤n

pα
(
(∂β)E f (x)

)
(1 + |x |2)n/2

S(Rd ,K):

TK
m : dom TK

m → K{1}, TK
m (f )(1) :=

∫
Rd

f (x)hm(x)dx , m ∈ Nd
0 ,

where hm is the m-th Hermite function.
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(∫

Rd
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(m,1)∈Nd

0×{1}

SE ′(U,E) = {f : Nd
0 × {1} → E | ∀ e′ ∈ E ′ ∃ fe′ ∈ S(Rd ) ∀ m ∈ Nd

0 :∫
Rd

fe′(x)hm(x)dx = e′ ◦ f (m,1) }
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Annotations

Space of smooth functions

C∞(Ω,E) := {f ∈WM(Ω,E) | ∀ j ,n, α : |f |j,n,α <∞} ,
WM(Ω,E) :=

⋂
m∈M dom T E

m ,

|f |j,n,α := sup x∈Ω
|β|≤n

pα
(
(∂β)E f (x)

)
χKj (x)

where

M :=Mtop ∪Mr ,

Mtop :=
⋃

n∈N0
{β | |β| ≤ n} andMr := Nd

0 × Sd ,

dom T E
(β,σ) := {f : Ω→ E | σ((∂β)E )f ∈ C(Ω,E)} ,

T E
(β,σ) := σ((∂β)E )f ∀ (β, σ) ∈ Nd

0 × Sd

where

σ((∂β)E )f :=
∂|β|

∂βσ(1)xσ(1) · · · ∂βσ(d)xσ(d)

f .
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Annotations

Surjectivity of Ψ

Let (T E
m ,TK

m )m∈M be strong. If one of the following conditions:

1 E is complete.
2 E is quasi-complete and for every f ∈ FV (Ω,E) and f ′ ∈ FV(Ω)′

there is a bounded net (f ′τ )τ∈T in F(Ω)′ converging to f ′ in FV(Ω)′κ
such that Rt

f (f ′τ ) ∈ J (E) for every τ ∈ T .
3 E is sequentially complete and for every f ∈ FV (Ω,E) and

f ′ ∈ FV(Ω)′ there is a sequence (f ′k )k∈N in F(Ω)′ converging to f ′

in F(Ω)′κ such that Rt
f (f ′k ) ∈ J (E) for every k ∈ N.

4

∀ f ∈ FV(Ω,E), j ∈ J, n ∈ N ∃ K ∈ τ(E) : Nj,n(f ) ⊂ K

where

Nj,n(f ) := {T E
m (f )(x)νj,n,m(x) | x ∈ Ω, m ∈ Mn} .

is fulfilled and FV(Ω,E) ⊂ FV(Ω,E)κ, then Ψ is surjective. consistency

strong
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Annotations

Surjectivity of Ψ

Let (T E
m ,TK

m )m∈M be strong. If one of the following conditions:
1 E is complete.

2 E is quasi-complete and for every f ∈ FV (Ω,E) and f ′ ∈ FV(Ω)′

there is a bounded net (f ′τ )τ∈T in F(Ω)′ converging to f ′ in FV(Ω)′κ
such that Rt

f (f ′τ ) ∈ J (E) for every τ ∈ T .
3 E is sequentially complete and for every f ∈ FV (Ω,E) and

f ′ ∈ FV(Ω)′ there is a sequence (f ′k )k∈N in F(Ω)′ converging to f ′

in F(Ω)′κ such that Rt
f (f ′k ) ∈ J (E) for every k ∈ N.

4

∀ f ∈ FV(Ω,E), j ∈ J, n ∈ N ∃ K ∈ τ(E) : Nj,n(f ) ⊂ K

where

Nj,n(f ) := {T E
m (f )(x)νj,n,m(x) | x ∈ Ω, m ∈ Mn} .

is fulfilled and FV(Ω,E) ⊂ FV(Ω,E)κ, then Ψ is surjective. consistency

strong

TUHH Kruse Extension Dziękuję! 2 / 8
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Annotations

Let consistency

Rf : E ′ → FV(Ω), Rf (e′) := e′ ◦ f ,

FV(Ω,E)κ := {f ∈ FV(Ω,E)σ | ∀ α ∈ A : Rf (B◦α) rel comp in FV(Ω)} .

If (T E
m ,TK

m )m∈M is a strong and one of the following conditions is
fulfilled, then FV(Ω,E) ⊂ FV(Ω,E)κ.

1 FV(Ω) is a semi-Montel space.
2

∀ f ∈ FV(Ω,E), j ∈ J, n ∈ N ∃ K ∈ γ(E) : Nj,n(f ) ⊂ K .

3 E is a semi-Montel or Schwartz space.
4 There is a family K of sets and a map π : Ω×Mtop → X such that⋃

K∈K K ⊂ X and the functions of FV(Ω,E) vanish at infinity in the
weighted topology with respect to (π,K), i.e. every f ∈ FV(Ω,E)
fulfils: ∀ ε > 0, j ∈ J, n ∈ N, α ∈ A ∃ K ∈ K :

(i) sup
x∈Ω,m∈Mn
π(x ,m)/∈K

pα
(
T E

m (f )(x)
)
νj,n,m(x) < ε

(ii) Nπ⊂K ,j,n(f ) := {T E
m (f )(x)νj,n,m(x) | (x ,m) ∈ π−1(K )} ∈ γ(E)
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Annotations

Injectivity of the restriction map RU,H surj rest surj psi

Question

Let (T E
m ,TK

m )m∈M be consistent. When is the restriction map

RU,H : Ψ(FV(Ω)εE)→ FVH(U,E), f 7→ (T E
m (f )(x))(m,x)∈U ,

injective?

Definition (strong) surjectivity(
T E

m ,TK
m
)

m∈M a strong family :⇔ ∀ e′ ∈ E ′, f ∈ FV(Ω,E), m ∈M:
1 e′ ◦ f ∈ dom

(
TK

m
)

2 TK
m (e′ ◦ f ) = e′ ◦ T E

m (f ) on ωm

Proposition

If (T E
m ,TK

m )m∈M is strong and consistent, then RU,H is injective.

TUHH Kruse Extension Dziękuję! 4 / 8
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Annotations

Definition (determine boundedness)

Subspace H ⊂ E ′ determines boundedness if
B ⊂ E σ(E ,H)-bounded ⇒ B bounded in E .

Proposition (Bonet, Frerick, Jordá ’07)

Let Y be (FS), X ⊂ Y ′ dense, E loc complete, A : X → E linear.
Then tfae:

1 There is a (unique) extension Â ∈ L(Y ′,E) of A.
2 (At )−1(Y ) (= {e′ ∈ E ′ | e′ ◦ A ∈ Y}) determines bound. in E .

Theorem

Let
(
T E

m ,TK
m
)

m∈M be consistent, FV(Ω) (FS), U a set of uniqueness
for FV(Ω), E loc complete and H ⊂ E ′ determine boundedness.
Then:

1 Ψ(FV(Ω)εE) ⊂ FV(Ω,E)

2 The restriction map RU,H : Ψ(FV(Ω)εE)→ FVH(U,E) is
surjective.

proof: Then H ⊂ (At )−1(Y ), use the prop. , set F (x) := Â(δx ), x ∈ Ω.
extension theorem
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extension theorem

TUHH Kruse Extension Dziękuję! 5 / 8
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extension theorem

TUHH Kruse Extension Dziękuję! 5 / 8
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Annotations

Pettis integral

Definition (Pettis integrable)
Let

(Ω,Σ, µ) be a measure space and E an lcs,
f : Ω→ E such that e′ ◦ f ∈ L1(Ω, µ) for all e′ ∈ E ′ .

f is called Pettis integrable on Ω if

∃ eΩ ∈ E ∀ e′ ∈ E ′ : 〈e′,eΩ〉 =

∫
Ω

〈e′, f (x)〉dµ(x) .

In this case eΩ is unique due to E being Hausdorff and we set∫
Ω

f (x)dµ(x) := eΩ .

convolution
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Annotations

Hermite functions

For n ∈ N0 set

hn : R→ R, hn(x) := (2nn!
√
π)−1/2(x − d

dx
)ne−x2/2 .

For n ∈ Nd
0 define the n-th Hermite function by

hn : Rd → R, hn(x) :=
d∏

k=1

hnk (xk ) .

example
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Annotations

Examples (E loc complete, H = E ′)

The space E
(
[−1,1]d ,E

)
of all f ∈ C∞((−1,1)d ,E) such that all

partial derivatives of any order can be continuously extended to
[−1,1]d equipped with the system of seminorms given by

|f |n,α := sup
x∈(−1,1)d

β∈Nd
0 ,|β|≤n

pα
(
(∂β)E f (x)

)
.

U ↔ {δx | x ∈ (−1,1)d ∩Qd}

the closed subspace of E
(
[−1,1]d ,E

)
of functions with f (0) = 0,

U ↔ {δx ◦ ∂ej | 1 ≤ j ≤ d , x ∈ (−1,1)d ∩Qd}
Lc(Ω,E) where Ω is (DFS), E quasi-complete, U ↔ {δx | x ∈ X},
X ⊂ Ω dense

example
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Annotations

Examples (E loc complete, H = E ′)
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