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Motivation
Main Question

Let

@ E be anlicHs over K, FV(Q, E) a space of weighted functions,
@ A\CQ,HCFE,

o f: A — E such that for every € € H, the function € o f: A - K
has an extension in FV(Q,K) .
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Goal: FV(Q)eE := Le (FV(Q)., E) SFV(Q, E)

Definition (consistent)
(75, T)

mem & consistent family := V u € FV(Q)eE, me M, X € wp:

@ V(u) edom Tf and T, € FV(Q)
O (Tav(w) (x) = u(Tr)

Let
o (TE, TX)
Then

mem D€ @ consistent family.
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Extension from thin sets

Extension theorem

Definition (determine boundedness)
Subspace H C E’ determines boundedness if
@ BC E o(E, H)-bounded = Bboundedin E.

Let (T, Th) e, b consistent, FV(Q) (FS), U a set of uniqueness
for FV(Q), E loc complete and H C E’ determine boundedness.
Then:
Q V(FV(Q)E) C FV(Q,E)
@ The restriction map Ry y: V(FV(Q)eE) — FVu(U,E) is
surjective.

proof: Lemma + abstract extension result by Bonet, Frerick, Jorda '07
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Examples

Example (E loc complete, H = E’)

@ The Schwartz space

S(RY,E) = {feC®RLE)|[VneN, acA: |flp, < o0}

|flna = sup Pa((8%)EF(X))(1 + |x|?)"/2
xeRY
|81<n
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Annotations
Space of smooth functions
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Annotations
Space of smooth functions

0 C(LE) :={fe Wu(QE)|Vjna: ’flj,n,a < oo},
0 Wup(Q,E) == Nmepdom TE,

° |f|j,n,0l = SUp xeN pa ((8ﬁ)Ef(X))XKI(X)
I81<n

where

0 M = Miop UM,

0 Migp 1= UneNo{/B | 18] < n} and M, := Ng x S,

@ dom T(%,U) ={f: Q= E|o((0°E)f eC(Q,E)},
TG o) = o((0°)F)f ¥ (B,0) € N§ x Sy

@ where

18]
o((8%)E)f = 0 .
850(1))(0(1) o 8ﬁa(d)X0_(d)
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Surjectivity of W

Let (TE, TX)meat be strong. If one of the following conditions:

@ E is complete.

Q@ E is quasi-complete and for every f € FV (Q, E) and f' € FV(Q)
there is a bounded net (f.),c7 in F(Q2)’ converging to ' in FV(Q)..
such that Ri(f) € J(E) forevery 7 € T.

©Q E is sequentially complete and for every f € FV (Q, E) and
' e FY(Q) there is a sequence (f;)xen in F(Q2)' converging to f’
in F(Q);, such that Ri(f;) € J(E) for every k € N.

o

Vie FV(QE),jed,ne NIKeT(E): Nis(f)c K

where
Njn(f) == {Tnb;(f)(x)’/j,n,m(x) | x €Q, me Mp}.
is fulfilled and FV(Q, E) C FV(Q, E),, then V is surjective.
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Let
Ri: E' — FV(Q), Ri(€) :=€ of,
FV(QE), ={fe FV(QE), |Vaec: R¢(B;)relcompin FV(Q)}.
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Let

Ri: E' — FV(Q), Ri(€) :=€ of,
FV(QE), ={fe FV(QE), |Vaec: R¢(B;)relcompin FV(Q)}.
If (TE, TX)men is a strong and one of the following conditions is
fulfilled, then FV(Q, E) C FV(Q, E)x.

Q@ FV(Q) is a semi-Montel space.

(2]

Vie FV(Q,E),jed, ne NIKe~(E): Niy(f)CcK.

© E is a semi-Montel or Schwartz space.

O There is a family & of sets and a map 7: Q x My, — X such that
Ukeg K C X and the functions of FV(Q, E) vanish at infinity in the
weighted topology with respect to (7, 8), i.e. every f € FV(Q, E)
fulfils:Ve>0,jed, neN, acATK e R:

() sup  Pa(TrH(H)(X))vjnm(x) <e
X€EQ, meM,

meMn

w(x,m¢K
(if) Necr j.n(F) == { T (H(X)vjnm(x) | (x,m) € 7 (K)} € y(E)
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Injectivity of the restriction map Ry, D D

Let (T£, TX)mer be consistent. When is the restriction map

Rup: V(FV(QEE) = FVH(U, E), f— (TH(H)(X)mx)cu »

injective?
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Injectivity of the restriction map Ry, D D

Let (T£, TX)mer be consistent. When is the restriction map
Run: W(FV(QEE) = FVu(U, E), f = (T (H(X))mxeu -
injective?

Definition (strong)

(Tr»> Ti) merq @ Strong family - v & € E/, f € FV(Q, E), m € M:
Q e'ofEdom(T;Is)
Q TE(eof)=¢€oTE(f)onwn
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Injectivity of the restriction map Ry, D D

Let (T£, TX)mer be consistent. When is the restriction map

RUJ./: \U(fV(Q)&?E) — -FVH(Uy E)7 f (Trg(f)(x))(m,x)eU )
injective?

Definition (strong)

(Tr»> Ti) merq @ Strong family - v & € E/, f € FV(Q, E), m € M:
@ ¢ ofedom(TF)
Q TE(eof)=¢€oTE(f)onwn

If (TE, TX)men is strong and consistent, then Ry 4 is injective.

v
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Definition (determine boundedness)

Subspace H C E’ determines boundedness if
@ B C E o(E,H)-bounded = B bounded in E.
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Let (TE, TX)

meM be consistent,
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Then tfae:
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Proposition (Bonet, Frerick, Jorda '07)

Let Y be (FS), X C Y’ dense, E loc complete, A: X — E linear.
Then tfae:

@ There is a (unique) extension A € L(Y',E) of A.
Q (AH(Y) (= {€ € E'| & oA € Y}) determines bound. in E.

v

Theorem

Let (T, Ty) ey b€ consistent, FV(Q) (FS), U a set of uniqueness
for FV(Q2), E loc complete
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Proposition (Bonet, Frerick, Jorda '07)

Let Y be (FS), X C Y’ dense, E loc complete, A: X — E linear.
Then tfae:

@ There is a (unique) extension A € L(Y',E) of A.
Q (AH(Y) (= {€ € E'| & oA € Y}) determines bound. in E.

v

Theorem

Let (TE, Ti5) me s b€ consistent, FV(Q) (FS), U a set of uniqueness
for FV(Q), E loc complete and H C E’ determine boundedness.
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Let Y be (FS), X C Y’ dense, E loc complete, A: X — E linear.
Then tfae:

@ There is a (unique) extension A € L(Y',E) of A.
Q (AH(Y) (= {€ € E'| & oA € Y}) determines bound. in E.
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Proposition (Bonet, Frerick, Jorda '07)

Let Y be (FS), X C Y’ dense, E loc complete, A: X — E linear.
Then tfae:

@ There is a (unique) extension Ac L(Y',E) of A.
Q (AHY~(Y) (= {€ € E' | & o A € Y}) determines bound. in E.

v

Theorem

Let (TE, T,Hf,)meM be consistent, 7V(Q) (FS), U a set of uniqueness
for FV(Q), E loc complete and H C E’ determine boundedness.
Then:

Q@ V(FV(Q)E) C FV(Q,E)
Q The restriction map Ry y: V(FV(Q)eE) — FVH(U,E) is
surjective.

proof: Let f € FV (U, E). Choose X :=span{ T, | (m, x) € U} and
Y := FV(Q). Define A: X — E, A(Tps ) == f(m, x).
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Proposition (Bonet, Frerick, Jorda '07)

Let Y be (FS), X C Y’ dense, E loc complete, A: X — E linear.
Then tfae:

@ There is a (unique) extension Ac L(Y',E) of A.
Q (AHY~(Y) (= {€ € E' | & o A € Y}) determines bound. in E.

v

Theorem

Let (TE, T,Hf,)meM be consistent, 7V(Q) (FS), U a set of uniqueness
for FV(Q), E loc complete and H C E’ determine boundedness.
Then:

Q@ V(FV(Q)E) C FV(Q,E)
Q The restriction map Ry y: V(FV(Q)eE) — FVH(U,E) is
surjective.

v

proof: Then H C (A")~1(Y), use the prop. , set F(x) := A(5x), X € Q.
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Annotations
Pettis integral

Definition (Pettis integrable)
Let

@ (Q,X%, ) be a measure space and E an Ics,

o f:Q— Esuchthate of € £L1(Q,p) forall & € E’.
f is called Pettis integrable on Q if

JeqcEVE cE (¢, eq) = /(e’, F(X))dpa(x)
Q

In this case eq is unique due to E being Hausdorff and we set

/f(X)d,u(X) =eq.
Q
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Annotations
Hermite functions

@ For n e Ny set

o R = R, ha(x) = (2"nly/m)~/2(x — %)ne_xz/z .

@ For n € N¢ define the n-th Hermite function by

d
hn: RY = R, hn(x) := [ ] hne(Xx) -
k=1
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Annotations

Examples (E loc complete, H = E’)

@ The space £([-1,1]9,E) of all f € C>°((—1,1)?, E) such that all
partial derivatives of any order can be continuously extended to
[—1,1]¢ equipped with the system of seminorms given by

flow = sup pa((0°)FF(3)).
xe(—1,1)9
BENG,|BI<n

U< {6x | xe(—-1,1)9nQ%}
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@ The space £([-1,1]9,E) of all f € C>°((—1,1)?, E) such that all
partial derivatives of any order can be continuously extended to
[—1,1]¢ equipped with the system of seminorms given by

floa = sup pa((@”)FF(x))
xe(—1,1)9
BENG,|BI<n
U {6 | x € (-1,1)9nQ7}
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Annotations

Examples (E loc complete, H = E’)

@ The space £([-1,1]9,E) of all f € C>°((—1,1)?, E) such that all
partial derivatives of any order can be continuously extended to
[—1,1]¢ equipped with the system of seminorms given by

flow = sup pa((0°)FF(3)).
xe(—1,1)9
BENG,|BI<n

U< {6x | xe(—-1,1)9nQ%}
o the closed subspace of £([—1,1]9, E) of functions with f(0) = 0,
U {6x00%|1<j<d xe(-1,1)9nQ%

o L¢(Q, E) where Qs (DFS), E quasi-complete, U < {dx | x € X},
X C Q dense
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